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ON MOEBIUS AND CONFORMAL MAPS BETWEEN 
BOUNDARIES OF CAT(-l) SPACES 

KINGSHOOK BISWAS 



O 

Cn ' Abstract. We consider Moobius and confornial homoomorphisms / : dX — > 

^ ^ dY between boundaries of CAT(-l) spaces X, Y equipped with visual metrics. 

Q\ , A conformal map / induces a topological conjugacy of the geodesic flows of 

f-f ' X and Y, which is flip-equivariant if / is Moebius. We define a function 

' S(f) : d X — > R, the integrated Schwarzian of /, which measures the deviation 

l/i ' of the topological conjugacy from being flip-equivariant, in particular vanishing 

if / is Moebius. Conversely if X, Y are simply connected complete manifolds 

with pinched negative sectional curvatures, then / is Moebius on any open 

^^ set U C dX such that S{f) vanishes on d^U. For such manifolds, we show 

LJ ' that there is a Moebius homeomorphism / : dX — > dY if and only if there 

is a topological conjugacy of geodesic flows (p : T^X — > T^Y with a certain 
uniform continuity property along geodesies. If X is a rank one symmetric 
J^ ' space then X and Y must be isometric in this case. 

We show that if X,Y are proper, geodesically complete CAT(-l) spaces 

then any Moebius homeomorphism / extends to a (1, log2)-quasi-isometry 

with image 2log2-dense in Y. We prove that if X, y are in addition metric 

fvj ' trees then / extends to a surjective isometry. The proofs involve a study of a 

^ ' space A4(9X) of metrics on dX Moebius equivalent to a visual metric and a 

fvj , natural isometric embedding of X into M{dX). We also obtain a dynamical 

classification of Moebius self-maps / ; dX — > dX into three types, elliptic, 
fvj ' parabolic and hyperbolic. 
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1. Introduction 



The problems we consider in this article are motivated by rigidity results for 
negatively curved manifolds. The Mostow Rigidity Theorem asserts than an iso- 
morphism between fundamental groups of closed hyperbolic n-manifolds (where 
n > 3) is induced by an isometry between the manifolds. Thus hyperbolic mani- 
folds are determined upto isometry by their fundamental groups. It is natural to 
ask for closed manifolds with variable negative curvature what extra information 
over and above the fundamental group is required to determine the metric. Recall 
that each free homotopy class of closed curves in a closed negatively curved man- 
ifold contains a unique closed geodesic. Thus a closed negatively curved manifold 
X comes equipped with a length function Ix ■ 'I'll^) -^ R^ (which is constant 
on conjugacy classes). The marked length spectrum rigidity problem asks whether 
the pair {Tri{X),lx) (the marked length spectrum of X) determines the manifold 
X upto isometry. More precisely, if X, Y are closed negatively curved n-manifolds 
and i> : 7ri(X) — ^ 7ri(y) is an isomorphism such that Ix = Zy o$, then is $ induced 
by an isometry F : X ^i' Yl 

Otal proved that this is indeed the case if the dimension n = 2 jOtaQOj . The 
problem remains open in higher dimensions. It is known however to be equivalent 
to two related problems, which we briefly describe. The geodesic conjugacy problem 
asks whether the existence of a homeomorphism between the unit tangent bundles 
(j) : T^X -^ T^Y conjugating the geodesic flows implies isometry of the manifolds. 
Hamenstadt proved that equality of marked length spectra is equivalent to existence 
of a geodesic conjugacy |IIam92| . Thus the problems of marked length spectrum 
rigidity and geodesic conjugacy are equivalent. 

We recall that the boundary at infinity dX of a CAT(-l) space carries a natural 
class of metrics px,x € X called visual metrics, which are Moebius equivalent, in 
the sense that metric cross-ratios are the same for all metrics p^. For background 
on visual metrics and cross-ratios we refer to Bourdon IBou95j . |Bou96| . Recall 
that a continuous embedding / : dX — > dY between boundaries of CAT(-l) spaces 
X, Y is Moebius if it preserves cross-ratios. Any isometric embedding F : X ^ Y 
extends to a Moebius embedding dF : dX — ?► dY . Bourdon showed in |Bou95j . 
that for a Gromov- hyperbolic group F with two quasi-convex actions on CAT(- 
1) spaces X,Y, the natural F-equivariant homeomorphism / between the limit 
sets A A', KY is Moebius if and only if there is a F-equivariant conjugacy of the 
abstract geodesic fiows QKX and QKY compatible with /. In particular for X,Y 
the universal covers of two closed negatively curved manifolds A, F, it follows that 
the geodesic flows of A, Y arc conjugate if and only if the induced equivariant 
boundary map / : dX — > dY is Moebius. 

Otal showed that equality of the marked length spectrum for two negatively 
curved metrics on the same closed manifold is equivalent to the existence of an 
equivariant Moebius map between the boundaries at infinity of the universal cov- 
ers |Ota92| . We remark that the same conclusion holds when the marked length 
spectra of two closed negatively curved manifolds coincide (the manifolds are not 
necessarily assumed to be diffeomorphic) , using the results of Hamenstadt (equality 
of the marked length spectrum being equivalent to conjugacy of geodesic flows) and 
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Bourdon (conjugacy of geodesic flows being equivalent to the boundary map being 
Moebius). 

It follows that the marked length spectrum, the geodesic flow, and the Moebius 
structure on the boundary at infinity of the universal cover are all equivalent data 
for a closed negatively curved manifold, and the question becomes whether any one 
of these is enough to determine the metric. We discuss in section 5 the proofs of 
these equivalences. In the case of simply connected, complete Riemannian mani- 
folds of sectional curvature bounded above by —1, the marked length spectrum no 
longer makes sense, but one may still consider the correspondence between Moebius 
maps and geodesic conjugacies. We define a certain uniform continuity property for 
geodesic conjugacies, uniform continuity along geodesies (which is satisfied in partic- 
ular by uniformly continuous maps). Recall that a CAT(-l) space X is geodesieally 
eomplete if every geodesic segment in X can be extended (not necessarily uniquely) 
to a bi-infinite geodesic. We show in section 4: 

Theorem 1.1. Let X be a simply eonneeted complete Riemannian manifold with 
seetional curvatures bounded above by —1, and let Y be a proper geodesieally com- 
plete CAT(-l) space. If there is a homeomorphism (j) : T^X -^ QY conjugating the 
geodesic flows of X and Y which is uniformly continuous along geodesies then (p 
induces a map f : dX — > dY which is Moebius. 

Recall that there is a notion of a conformal homeomorphism between metric 
spaces, in particular between boundaries of CAT(-l) spaces equipped with visual 
metrics. We consider C^ conformal maps, i.e. those for which the pointwise deriv- 
ative is a continuous function. A C^ conformal map / : dX — > dY between bound- 
aries of CAT(-l) spaces induces a topological conjugacy </> : QX — )■ QY between the 
abstract geodesic flows of X and Y (following Bourdon jBou95j ). where QX,OY 
are the spaces of bi-infinite geodesies in X and Y. The conjugacy is equivariant 
with respect to the flips if / is Moebius. We define a function S{f) : d^X — > R, 
the integrated Schwarzian of /, which measures the deviation of the conjugacy from 
being fiip-equi variant, vanishing in particular if / is Moebius. For conformal self- 
maps / : dX —J- dX the map / i— >■ S{f) is a cocycle on the group of conformal 
self-maps which vanishes on the subgroup of Moebius self-maps. Conversely we 
prove in section 4: 

Theorem 1.2. Let X be a simply connected complete Riemannian manifold with 
sectional curvatures satisfying —b^<K<—l for some b > 1, and let Y be a proper 
geodesieally complete CAT(-l) space. A C^ conformal map f :U <Z dX ^ V^ C dY 
between open subsets of dX,dY is Moebius on U (i.e. preserves cross-ratios) if 
and only if its integrated Schwarzian S{f) vanishes on d^U . Two C^ conformal 
maps f,g : U G dX — > 1/ C dY differ by post- composition with a Moebius map 
h : V -^ V if and only if their integrated Schwarzians coincide, S{f) ~ S{g). 

The proof of the above theorem follows from the proof of the following theorem, 
which asserts that in the case of a lower curvature bound we have a converse to 
Theorem 11.11 above: 
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Theorem 1.3. Let X be a simply connected complete Riemannian manifold with 
sectional curvatures satisfying —b^ < A' < ^1 for some b > 1, and let Y be a proper 
geodesically complete CAT(-l) space. Then the following are equivalent: 

(1) There is a C^ conformal map f : dX — >■ dY whose integrated Schwarzian 
vanishes. 

(2) There is a topological conjugacy of geodesic flows (j) : T^X — > QY which is 
uniformly continuous along geodesies. 

(3) There is a Moebius map f : dX — > dY . 

Wc then consider in the more general context of CAT(-l) spaces, the question of 
whether a Moebius embedding / : dX — >■ dY between the boundaries of two CAT(- 
1) spaces extends to an isometric embedding F : X ^> Y. In |Bou96| . Bourdon 
proved the following Theorem: 

Theorem 1.4. (Bourdon) If X is a rank one symmetric space and Y a CAT(-l) 
space then any Moebius embedding f : dX — > dY extends to an isometric embedding 
F -.X ^Y. 

We consider the general case where the domain X is an arbitrary CAT(-l) space. 
We prove the following in section 6: 

Theorem 1.5. Let X,Y be proper geodesically complete CAT(-l) spaces such that 
dX has at least four points, and let f : dX — >■ dY be a Moebius homeomorphism. 
Then f extends to a {l,log2)-quasi-isom,etry F : X ^Y, with image ^ log2 dense 
in Y . 

In the case of metric trees we have: 

Theorem 1.6. Let X, Y be proper geodesically complete metric trees such that dX 
has at least four points and let f : dX — > dY be a Moebius homeomorphism. Then 
f extends to a surjective isometry F : X ^ Y . 

The proofs of the above Theorems involve a study of the space Ai{dX) of metrics 
on the boundary dX of a proper geodesically complete CAT(-l) space X which are 
Moebius equivalent to a visual metric. The key point is that there is a natural metric 
dM on A4{dX) such that the map ix ■ X -^ Ai{dX) sending a point x S X to the 
visual metric px based at a; is an isometric embedding. The space {M{dX), dj^) is 
itself isometric to a closed, locally compact subspace of the Banach space C{dX) 
of continuous functions on dX. By studying the derivative of the embedding ix 
along geodesies in X, we show that it has image ilog2-dense in M{dX), and is 
surjective in the case of a metric tree. 

We have as corollaries of the above theorems the following: 

Theorem 1.7. Let X be a simply connected complete Riemannian manifold with 
sectional curvatures bounded above by ^l and Y a proper geodesically complete 
CAT(-l) space. Suppose that there is a conjugacy (f> : T^X — > QY of geodesic flows 
which is uniformly continuous along geodesies. Then: 

(1) There is a (l,\og2) -quasi-isom,etry F : X ^Y with image ^\og2-dense in Y. 

(2) If X is a rank one symmetric space then F can be taken to be a surjective 
isometry. 
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We remark that part (2) of the above theorem imphes as a corollary marked 
length spectrum rigidity for rank one locally symmetric spaces, a well-known fact 
proved earlier by Hamenstadt |Ham99] using the celebrated minimal entropy rigid- 
ity theorem of Besson-Courtois-Gallot [GB95J . 

Finally we obtain in section 7 a dynamical classification of Moebius self-maps 
into three types, elliptic, parabolic and hyperbolic: 

Theorem 1.8. Let X he a proper geodesically complete CAT(-l) space and f : 
dX — )■ dX a Moebius self-map of its boundary. Then one of the following three 
mutually exclusive cases holds: 

(1) For all X G X, the iterates /" : (dX,px) — > {dX,px) are uniformly bi-Lipschitz 
(we say f is elliptic). 

(2) There is a unique fixed point ^o G dX of f .such that /"(^) — > ^o for all ^ as 
n -^ ±oo (we say f is parabolic) . 

(3) There is a pair of distinct fixed points f + , ^_ of f such that for all ^ G dX — 
{^+,^_}, /"('^) — > ■?+ as n ^ +00 and /"(^) — > ■?- as n ^ — oo (we say f is 
hyperbolic) . 

Acknowledgements. The author is grateful to Marc Bourdon and Mahan Mj 
for helpful discussions. The author was supported by CEFIPRA grant no. 4301-1; 
"Kleinian groups: geometric and analytic aspects". 

2. Spaces of Moebius equivalent metrics 

Let {Z,pq) be a compact metric space with at least four points. For a metric p 
on Z we define the metric cross-ratio with respect to p of a quadruple of distinct 
points {^,£.',V,il') oi Z by 

We say that a diameter one metric p on Z is antipodal if for any ^ (z Z there exists 
T] G Z such that p{£,,ri) = 1. We assume that po is diameter one and antipodal. 
We say two metrics pi,P2 on Z are Moebius equivalent if their metric cross-ratios 
agree: 

for all (^, £_', 7], rj'). Wc define 

A4{Z, pq) := {p : p is an antipodal, diameter one metric on Z Moebius equivalent to pq} 

We will write A4{Z,po) = M. Note we do not assume that the metrics p E A4 
induce the same topology on Z as po, but we will show that they are indeed all 
bi-Lipschitz equivalent to each other. For pi, p2 €z M we define a positive function 
on Z called the derivative of p2 with respect to pi by 

dp2 ,^. _ P2{^,ri)p2{^,v')pi{v,v') 
dpi ' Pi{C,v)Piitv')P2{v,V') 
where r],ri' € Z are distinct points not equal to ^. 

Lemma 2.1. The function -f^ is well-defined. 



6 KINGSHOOK BISWAS 

Proof: Given two pairs of distinct points 77, r( and /?, /3' not equal to x, the desired 
equality 

P2($,^)p2(g,^OpifaryO ^ p2(e,/3)p2(g,/30pi(/3,/30 

Pi (e, ^)pi (S, ^')P2(^, ^') Pi (e, /3)pi (C, /3')P2 (/3, /3') 
follows from the equality 

o 

The next Lemma follows from a straightforward computation using the definition 
of the derivative, we omit the proof: 

Lemma 2.2. (Chain Rule) For pi,p2, Pa G 7M we have 

dpz _ dp3 dp2 

dpi dp2 dpi 

and 

^ ^ 1/ f'^P^^ 
dpi \dp2 

Lemma 2.3. For p <E M the function f ~ -^ is bounded. 

Proof: Suppose not, let ^„ e Z be a sequence such that f{£,n) ^- 00. Passing to a 
subsequence wc may assume ^„ — > ^, choose 77, rf distinct points in Z not equal to 
^, then we have 

p{£.ruil)p{^n,v')Po{v,v') 



limsup/(^„) ~ limsup 
< 



Po{£.n,r])po{£,n,v')p{v,V') 

1 



po{£.,v)pq{^,v')p{v,v')' 



a contradiction, o 



Lemma 2.4. (Geometric Mean- Value Theorem) 



P.{^,vr = Pi{^,vrpiopiv) 

dpi dpi 



for all ^, rj £ Z . 



Proof: Given S, ^ ri choose a point /S distinct from ^, 77, then by definition wc may 

write 

^.>^ ^ P2{^,v)P2{£.,l3)pi{v,l3) dp2 ^ P2{v,Op2{v,I3)pi{£.,13) 
rfpi ^ Pi(e,'y)pi(^,/3)p2(ry,/3) ' dpi^'^' Piiv,OPiiv,f3)p2{^,P) 

from which it follows that 

1^(£)^(' ) = f P2i£.,v) '^ ^ 
dpi dpi \Pi{^,v) 

o 

For p G A^ since -j^ is bounded it follows from the above Lemma that p < Kpo, 
hence the functions ^ i-> p(^, 77) are continuous for all rj E Z, therefore the functions 
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4^ arc continuous. Since ^ = |^/#^ it follows that all functions ^ are 

dpo dpi dpo I dpa dpi 

continuous, so bounded above and below by positive constants, hence by the above 
Lemma all metrics p € M are bi-Lipschitz to each other and induce the same 
topology on Z as pQ. The following Lemma justifies the use of the term 'derivative': 

Lemma 2.5. //^ £ Z is not an isolated point then 

dp2 ^ j.^ P2{tv) 
dpi n^i pi{^,v) 



Proof: We have 



as 7] — > ^. o 
Lemma 2.6. 



P2{tv) ^ ^(£U/2^c Nl/2 

Piii,v) dpi dpi 

dpi 



dp2,^. . dp2, . 
max - — [Q ■ mm - — [Q = 1 
?GZ dpi £,ez dpi 



Proof: Let A, p denote the maximum and minimum values of -^ respectively, and 
let £,,1] & Z denote points where the maximum and minimum values are attained 
respectively. Choosing ?/' e Z such that pi{£,,i]') = 1 gives 

dpi dpi 

while choosing ^' e Z such that P2(^', v) — 1 gives 

1 > pi{£',,) = 1/ (|^(e')^/^|^W^/^) > 1/(A^/V^/^) 

hence X ■ p ^ l.o 

We now define for pi , P2 <= A^ , 

dM{Pi,P2) :=maxlog— ^(0 
CGZ dpi 

Lemma 2.7. The function dM is a metric on M.. 

Proof: For pi.p^ € X, (max^^z ^(C))' > (max^ez ^(O)-(mincez ^(€)) = 1, 
hence dMiPi^ P2) > 0. Moreover dj^iipi^ P2) = implies max^g^ l&'iO — 1 hence 
min^g^ -f^iO = 1 by the previous Lemma, hence -f^ = 1, and it then follows from 
the Geometric Mean- Value Theorem that pi = P2- 

Symmetry of d^ follows from -^ — 1/^ and the previous Lemma, while the 
triangle inequality follows easily from the Chain Rule ^ = jp-^- o 

Let (C{Z), 1 1 • 1 1 CX3 ) denote the Banach space of continuous functions on Z equipped 
with the supremum norm. 



Lemma 2.8. The map 
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M 



p^log 



C{Z) 
dp 



dpo 



is an isometric embedding. 
Proof: It follows from Lemma WM that max^g^ log -£^{£,) = || log ^||oo, hence 



dM{Pl,P2} 



loi 



dp2 
dpi 



dp2 dpi 

log log -^— 

dpo dpo 



(where the second equality uses the Chain Rule), o 

Lemma 2.9. The im.age of the above embedding is closed in C{Z). 

Proof: Let pn ^ M such that 5„ = log -£^ converges in C{Z) to g. Define / = e^ 

and p{^,r]) := poiC^''l)f{0^^^fiv)'''^^7^:V G -^> the^i it follows from the Geometric 
Mean Value Theorem that p(^, ?y) ~ limp„(^, ry). Passing to the limit in the triangle 
inequality for p„ gives the triangle inequality for p, while symmetry and positivity 
of p arc clear, hence p is a metric. Moreover it follows easily from the definition of 
p that p is Moebius equivalent to po, and moreover j^ = f. Since the p„'s have 
diameter one it follows that p has diameter less than or equal to one. Given S. € Z 
let r]n G Z such that Pn{£,,Vn) = 1, passing to a subsequence we may assume ??„ 
converges to some 77, then 

\pitv)~ Pn{£.,Vn)\ < \piS.,V)- Pn{tv)\ + \Pn{t V) - Pn{£., Vn)\ 
< IpiLv)' Pn{i,V)\ +Pn{V,11n) 

^0 



since po{r],r]n) — J- and the p„'s are uniformly bi-Lipschitz equivalent to po (being 
a bounded sequence in A^), hence p{S,,vi) ~ 1. Thus p is of diameter one and is 
antipodal, hence p € A4 and g is the image of p under the isometric embedding, o 



Lemma 2.10. The function / = |^ : (Z,pi) 
2(max5ez/(0)^ 



is K-Lipschitz where K = 



Proof: Let A = vasx^i^z f{0- L"^* Ci!^2 G Z. Wc may assume /(^i) > f{£,2)- 
Choose ^ G Z such that pi{S,i,£,) = 1, then the inequality \p2{£,,£.i) — pi£.,^2)\ < 
^2(^1 1^2) gives, using the Geometric Mean- Value Theorem, 

/(O'/' |/(^i)'/' - pi(e,6)/(6)'/'| < Pi(6,e2)/(ei)'/'/(6)'/' 

and we have 

1/(6)'/' - Pi(66)/(6)'/'l = /(Ci)'/' - Pi(e,6)/(6)'/' > fiii)'^' - f{i2f" 

which, combined with the previous inequality, gives 

(i/A'/')(/(a)'/' - /(6)'/') < Pi(6,6)A 
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hence 

1/(6) - /(6)l - l(/(6)'/' - /(6)'/')(/(6)'/' + /(6)'/')l 

<A3/2pi(a,6)2Ai/2=2AVte,6) 



Lemma 2.11. The space {M,dM) is proper, i.e. closed balls are compact. Hence 
{A4,dM) is also complete. 

Proof: It follows from the previous Lemma that for a sequence p„ G A4 with 
dAdiPn, po) bounded, the functions /„ = -£^ are uniformly Lipschitz, and uni- 
formly bounded away from and oo , hence the functions gn = log /„ are uniformly 
Lipschitz and uniformly bounded. Therefore gn has a subsequence g„j. converging 
uniformly to a continuous function g, which by Lemma 12.91 is equal to log -r^ for 
some p (z M. It follows from Lemma [2.81 that p„^, — ?► p in A^. o 



3. Visual metrics on the boundary of a CAT(-l) space 
Let {X,dx) be a proper CAT(-l) space such that dX has at least four points. 

3.1. Definitions. We recall below the definitions and some elementary properties 
of visual metrics and Busemann functions; for proofs we refer to |Bou95[ : 

Let x € X be a basepoint. The Grom,ov product of two points ^,6 € dX with 
respect to x is defined by 

(CIC')x = lim -{dx{x,a) + dx{x,a') - dx{a,a')) 

(a,a')^(i,i') I 

where a, a' are points of X which converge radially towards ^ and ^ respectively. 
The visual metric on dX based at the point x is defined by 

The distance px{£,, £,') is less than or equal to one, with equality iff x belongs to the 
geodesic {^C)- 

Lemma 3.1. If X is geodesically complete then px is a diameter one antipodal 
metric. 

Proof: Let ^ S dX, then the geodesic ray [x,£,) extends to a bi- infinite geodesic 
{CO for some ^' G dX, hence Px{£,, C) = Ij hence px is diameter one and antipodal, 
o 

The Busemann function B : dX x X x X ^i' M. is defined by 

B{£„x,y) := \imdx{x,a) -dx{y,a) 

a— >5 

where a Cz X converges radially towards ^. 

It will be convenient to consider the functions on dX, fx,yi£,) '■= s-^^^'^''^\gx,yiS,) = 
B{£^,x,y),^ G dX,x,y G X. The following Lemma is elementary: 
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Lemma 3.2. We have \gx,yiO\ — dx{x,y) for all ^ e dx,x,y E X. Moreover 
gx,y{C) = dx{x,y) iff y lies on the geodesic ray [x,S,) while gx,y{i) = —dx(x,y) iff 
X lies on the geodesic ray [y,£,)- 

We recall the following Lemma from [Bou95j : 

Lemma 3.3. For x,y £ X, ^, ^' G dX we have 

An immediate corollary of the above Lemma is the following: 

Lemma 3.4. The visual metrics px,x € X are Moebius equivalent to each other 
and 

dpy_ _ 

, — Jx.y 

dpx 
Hence the functions fx,y,gx,y are continuous. 

It follows that the metric cross-ratio [£,£,' i]i]']p^ of a quadruple (C,^',f?, f/') is 
independent of the choice oi x E X. Denoting this common value by [£,£,' VV']i it is 
shown in jBou96j that the cross-ratio is given by 

[ee'W] = hm exp(i(d(a, b) + d{a' , h') - d{a, b') - d{a' , b))) 

{aM',b,b'}^(i,i'^V^V') ^ 

where the points a, a' , b,b' G X converge radially towards ^, ^', 77, jf E dX . 

We assume henceforth that X is a proper, geodesically complete CAT(-l) space. 
We let M = M{dX, p^) (this space is independent of the choice of a; G X). 

Lemma 3.5. The map 

ix-.X^M 
x^ Px 

is an isometric embedding and the image is closed in A4 . 

Proof: Given x,y G X, extend [x,y] to a geodesic ray [x,£,) where ^ G dX, 
then gx,yiO = dx{x,y) hence dM{Px,Py) = maxriedx gx,y{v) = dx{x,y), so ix is 
an isometric embedding. Given a;„ G X such that p^^ —>■ p E Ai, since ix is an 
isometry and the sequence p^^ is bounded in A^, so is the sequence x„ in X. Passing 
to a subsequence we may assume x„ — ?► a in X, then dM{Px,^, Pa) = dxixn,a) -^ 
hence pa = P- o 
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3.2. Limiting comparison angles and derivatives of visual metrics. We 
recall from |Bou95j that if a^a' ^ X tend radially towards ^, ^' e dX then the limit 

9 = 9{x,£^,£^') G [0,7r] of the comparison angles Tixa' in H^ exists (where Tixa' is a 
comparison triangle in H^ corresponding to the triangle axa' in X) and moreover 

Let ^, ^' € dX, t > and let y be the point on [x, ^) at distance t from x. Then 
an argument similar to the proof of the existence of the limiting comparison angle 
shows that when a — >■ 5' radially the limit 9t{x,£,,^') G [0,7r) of the comparison 
angles yxa in H^ exists. Moreover it follows easily from the CAT(-l) inequality 
that 

We note also that if a geodesic segment [x, y] of length 6 is common to both rays 
[a-,C) and [x,^') then 6't(x,C,C') = for t < (5. 

Lemma 3.6. We have 

^'^'^^ ^ " (e*-e-*)sin2(0,(x,e,e)/2) + e-* 
/n particular the function 9t{x^^, •) is continuous on dX. 

Proof: Let a tend to £,' radially, let r — dx{x,a),s = dx{a,y) and let 6 be the 
comparison angle yxa. By the hyperbolic law of cosine we have 

cosh s = cosh r cosh t — sinh r sinh i cos 

which gives 

e'-'^ + e-'-"- = (1 + e''")^(e* + e^*) - ^1 - e~''')(e* - e"*) cosfl 

Now as r — > oo we have s — >■ oo, and by definition r — s ^ B(^',x,y), also 
9 — > 6*4 (x, £_, ^'), hence letting r — > oo above gives 

j^^ = i(e*+e-O-i(e*-e^*)cos(0,(x,^,C')) = (e'-e"*) sin2(0,(x,C,e')/2)+e-' 

o 

We now consider the behaviour of the derivatives f^^y as t -> and the point 
y converges radially towards x. For functions Ft on dX we write Ft = o{t) if 
ll^tllcx) = o{t). We have the following formula, which may be thought of as a 
formula for the derivative of the map ix along a geodesic: 

Lemma 3.7. As t ^ we have 

g.^yiO ^ tcos{9t{x,^,0) + o{t) 

Proof: As t ^ we have 

9.,y{0 = - log((e* - e-*) sm'{9t{x, (, C')/2) + e"*) 
= -logi2tsm\9t{x,^,C)/2) + l-t + oit)) 
= -{2tsin'i9tix,^,e)/2)~t)+oit) 
= tcos{9t{x,^,^'))+o{t) 
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4. Geodesic conjugacies, Moebius maps, conformal maps, and the 

integrated schwarzian 

We start by recalling the definitions of conformal maps, Moebius maps, and the 
abstract geodesic flow of a CAT(-l) space. 

Definition 4.1. A homeomorphism between metric spaces f : {Zi,pi) — > {Z2,P2) 
with no isolated points is said to be conformal if for all S. € Zi, the limit 

exists and is positive. The positive function dfp-^^^p^ is called the derivative of f with 
respect to pi,p2- We say f is C^ conformal if its derivative is continuous. 

Two metrics pi,p2 inducing the same topology on a set Z, such that Z has no 
isolated points, are said to be conformal (respectively C^ conformal) if the map 
idz '. {Z,pi) — > {Z,p2) is conformal (respectively C^ conformal). In this case we 
denote the derivative of the identity map by -f^ . 



Definition 4.2. A homeomorphism between metric spaces f : {Zi,pi) — > {Z2,P2) 
(where Z\ has at least four points) is said to be Moebius if it preserves metric cross- 
ratios with respect to pi, P2. The derivative of f is defined to be the derivative ^^^ 
of the Moebius equivalent metrics /*P2jPi cis defined in section 2 (where /*P2 is the 
pull-back of p2 under f). 

From the results of section 2 it follows that any Moebius map between compact 
metric spaces with no isolated points is C^ conformal, and the two definitions of 
the derivative of / given above coincide. Moreover any Moebius map / satisfies the 
geometric mean- value theorem, 

P2{f{0J{v)f = Pi{^.vfdfp,,pAOdfp,,pAO 

Definition 4.3. Let {X,d) be a CAT(-l) space. The abstract geodesic flow space 
of X is defined to be the space of bi-infinite geodesies in X, 

QX := {7 : (—00, +00) — > X|7 is an isometric embedding} 

endowed with the topology of uniform convergence on compact subsets. This topology 
is metrizable with a distance defined by 

f°° e"'*l 

dgx{li,l2) := / rf(7i (0,72(0)-^ dt 

We define also a projection 

■Kx-.GX^X 

7^->7(0) 



It is shown in Bourdon |Bou95) that ttx is 1-Lipschitz. 
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The abstract geodesic flow of X is defined to be the one-parameter group of 
homeomorphisms 

(j)^ -.gx ^ gx 



for t G K, where "ft is the geodesic s i— > j(s + t). 
The flip is defined to be the map 

Tx-.gx^ gx 

7 !->■ 7 

where 7 is the geodesic s i~> 7(— s). 

We observe that for a simply connected complete Riemannian manifold X with 
sectional curvatures bounded above by —1, the map 



gx -^ T^X 

7 ^ 7'(0) 



is a homeomorphism conjugating the abstract geodesic flow of X to the usual 
geodesic flow of X and the flip F to the usual flip on T^X . 

We note that that for any CAT(-f ) space X there is a continuous surjection 

Ex.gX ^ d^X 

"1^ (7(-oo),7(+oo)) 



which induces a homeomorphism gX/{(t)t)teR ^ d^X . Following Bourdon }Bou95) . 
we have the following: 

Proposition 4.4. Let f : dX — > dY be a conformal map between the boundaries 
of CAT(-l) spaces X, Y equipped with visual metrics. Then f induces a bijection 
4> : gx — > gY conjugating the geodesic flows, which is a homeomorphism if f is C^ 
conformal. If f is Moebius then 4> is flip-equivariant. 

Proof: Given 7 G gX, let £x{j) ~ {£,tV)i^ ~ 7(0)> then there is a unique point 
y G ifiO^fiv)) such that dfp^^p^{r]) = 1. Define (^(7) = 7* where 7* is the unique 
geodesic in Y satisfying Syil*) = (/(C), /(^)),7*(0) = V- Then (j) : gX ^ gY is a 
bijection conjugating the geodesic flows. 

Claim. The map </> is continuous if / is C^ conformal. 
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Proof of Claim: Let 7n — ?> 7 in QX. Let x = 7(0), x„ = 7„(0),fx(7) 
(^, 77),fA-(7n) = i^n, rin). Then a;„ -> a;, (^„,7?„) -> (C)'7)j hence 

//■ \ ^i' \ '^/'a: /(^ ^l/2 '^^a; / n1/2 
Px(U,Vn) ^ Px^{U,Vn)-; (U) ' :i (Vn) ' 

dPx„ apx„ 

"•P^ (t \l/2 "-Px I Nl/2 



-{iuY^'^^ij^uY 



dpx^ dpx 

-^ 1 

since \gx„,x\ < d{x,Xn) -)■ 0. Letting y = 7ryO(/.(7), this imphes Py{f{^n),f{Vn)) ^• 
Pa(/(C)i /('/)) = 1 since / is continuous. 

Fix e > smah and n large such that py{f{S,n),f{'>ln)) > 1 ^ £• If at,&t are 
points converging radiaUy towards f {S,n) , f (j]n) , then as t — )■ +00 there are points 
z7 in the comparison triangle atybt on the side otbt such that d(zt , y) < C(e) for 
some constant C(e) which tends to as e tends to 0. Hence we obtain a point 
Zn € (/(60i/(^n)) such that d{zn,y) < C(e). Therefore d{zn,y) -> as n -> 00. 

Let z* = Try o (/)(7,i). Then since 2:„,2;* both lie on the geodesic 4>{'^n) and 
dfp^^,p^, (rjn) = 1, we have 

d{zl,z„) = |logd/p,^,p^^(?7„)| 

= log M/p.,P„(»7n)^-^(^n)-^(/(?M)) j 

^|log(l- 1-1)1=0 

since / is C^ conformal with dfp^^p^{ri) ~ 1 and ?7„ — > 77, d{xn,x) + d(z„,y) — >■ 0. 
Hence the basepoints z* of the geodesies (?!)(7n) converge to the basepoint y of the 
geodesic (f>{'y), and the endpoints (/(^n), /(??«)) of (/)(7,i) converge to the endpoints 
(/(^), /(yy)), from which it follows easily that (pi'jn) -^ 4>{l) in GY ■ This finishes 
the proof of the Claim. 

Since the inverse of a C^ conformal map is clearly C^ conformal, f~^ also induces 
a continuous conjugacy ip : QY — > CJX which is clearly inverse to ^, hence (/> is a 
homeomorphism if / is C^ conformal. 

If / is Moebius, then with the same notation as above, by the geometric mean- 
value theorem we have dfp^p {£,)dfp^p {rj) — 1, hence dfp^p (^) = 1, and it follows 
that (f) is flip-equi variant, o 

The proof of flip-equivariance of the conjugacy for a Moebius map above moti- 
vates the following definition: 

Definition 4.5. Let f : dX — > dY be a conformal map between boundaries of 
CAT(-l) spaces equipped with visual metrics. The integrated Schwarzian of f is the 
function S{f) : d'^X — > M defined by 

Sif)i^,rj) := log(d/p,,p,(Orf/p.,P„W) i^,v) e d^X 

where x,y are any two points x S (^, ?/),y G (fiO^fiv)) (^^ ^^ ^^.^V ^o see that the 
quantity defined above is independent of the choices of x and y). 
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We note that S{f) is continuous if / is C^ conformal, and for any 7 e QX with 
£xi"f) = (^,?y), we have 

where t = S{f){^,r]), hence the integrated Schwarzian measures the deviation of 
the induced conjugacy from being flip-equivariant. 

Definition 4.6. Let X be a simply connected complete Riemannian manifold with 
sectional curvatures bounded above by —1, and let Y be a CAT(-l) space. A home- 
omorphism (f> : T^X — > QY is said to be uniformly continuous along geodesies, if 
given 7 S GX with £x{l) = i^,v)> '^'^d sequences tn -> +00, w„ G T^X such that 
d'T^xivm'y'itn)) — >■ (the distance on T^X being the Sasaki metric), and the end- 
points Exiln) = {^71, Vn) (where 7„ € QX satisfies 7,',(0) = Vn) satisfy S,n -^ £,0 ^ V, 
we have 

d{-KY O (^(d„), Try O 0(7' (f„))) + d{TTY O (j>{~Vn), TTy O 0(-7'(t„))) -^ 

We note that any uniformly continuous homeomorphism (j> : T^X — > QY is 
uniformly continuous along geodesies. We can now prove Theorem ll.il 

Proof of Theorem 11.11 We first note that if 71,72 € GX are geodesies with 
7i(+oo) = 72(+oo), then it follows easily from the definition of uniform continuity 
along geodesies that 0(7^(0)) (+00) = (^(72(0)) (+00). Hence there is a map / : 
dX -> dY such that £yWv)) = (fiOjlv)) where {^r]) = £x{l), -f &QX being 
such that 7'(0) = v, and it is not hard to show that / is continuous. Moreover / is 
surjective since Y is geodesically complete and (j) is surjective. Also given (^, 77) g 
d^X, choosing 7 with £x{^) = (C,??), we have (/(C), /(r/)) = £Y{4>{im) G d'^Y , 
in particular /(C) ^ f{^)- Thus / is injective, and since dX,dY arc compact 
Hausdorff spaces, / is a homeomorphism. 

Given a quadruple of distinct points {^,£,' ,r],ri') € d'^X, let 71,72 be geodesies 
with £js:(7i) = {£„r]),£x{72) = iCv'): and let t„ -^ +cx). Let a„ = 7i(-i„),a^ = 

l2{-tn),bn = Ji{tn),b'^ = 72(i„) SO 

KC'W] = lim cxp{-{d{an,bn) + d{a'„,b'J ~ d{a,i,b'J ~ d{a'^,bn))) 

Let a„ = Try o </)(7j(-i„)), aj^ = Try o 0(7^(-i„)),/3„ = Try o 0(7((i„)),/3^^ = Try o 
<^ (72 (*"))' so that 

lfm{£')fiv)fiv')] = lim exp(l(d(a„,/3„) + d(«;,/3;) - d(«„,/3;) - d{a'^,M)) 

n— >oo Z 

Note that d{an,bn) = d(Q;„, /3„),(i(ajj, feJJ = d{a'j^,j3'^) since 4> conjugates the geo- 
desic flows. Clearly the Theorem follows from the following claim: 

Claim. We have d{an,bjj — (i(a„,/3^j) — )• 0,d(aj^,&„) — d(Q;J^,/3„) — ?► as n — !• 00. 

Proof of Claim. Let 7„ : [0,/„] — > X be the geodesic segment with 7n(0) = 
an,7n(^ri) = &'i, whcrc ?„ = d{an,b'„). Then it is a standard fact that the Rie- 
mannian angle between the vectors j[{~tn),Vn = 7^(0) tends to 0, as does the 
angle between the vectors 72(in),w„ — 7^(^n)- Letting Pn = t^y ° 4>{vn),(ln = 
TTy o (/){wn), we have d{pn,qn) — d{an,b'„) since is a geodesic conjugacy. More- 
over since is uniformly continuous along geodesies, it follows that d{p„,an) — !• 
0, (i((7„, /3^) — > 0. Hence d{an,b'„) — d(a„,/3^) — >■ and a similar argument shows 
d{a'^,bn) - d{a'^,f3n) -> 0. o 
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Proof of Theorem II. 3t The nTipHcatioii (3) => (1) is clear, while the implication 

(2) => (3) follows from Theorem ll.il so it remains to prove (1) => (2): 

Given f : dX ^ dY a C^ conformal map with 5'(/) = 0, let : T^X -> QY 
denote the induced conjugacy of geodesic flows given by Proposition 14.41 We show 
that (j) is uniformly continuous along geodesies: 

Let 7 G QX,tn -^ +00 and w„ G T^X such that d^ixivml' [tn)) — > 0. Let 

X = 7(0), Xn = l{tn) e X, y ^ TTY o (f){Y{Oj), y„ := TTy o 0(7'(t„)) S Y. Let 

7« G 5-^ with 7^(0) = Vn, let £'x(7n) = i&i,'>ln),£x{'y) = (^, ?y), then by hypothesis 
Cn ~^ Co 7^ ?/■ Since the curvature of X is bounded below by —6^. for any T G M 
the time-T-map of the geodesic flow 0^ : T^X -^ T^X is Lipschitz. This follows 
from the fact that the differential of the map 0;^ is given in terms of Jacobi fields 
and their derivatives, and by well known comparison arguments, Jacobi fields in X 
grow at most as fast as Jacobi fields in the hyperbolic space of constant curvature 
—6^, hence ||d0xll i^ bounded on T^X. It follows that for any fixed large T, 
dyijf ((^y (u„),(/)y (7'(i„))) —J- 0, hence the visual distance Pxr,{Vn,il) ~^ 0- It is easy 
to see that this also implies Pxi'HmVi) —>■ 0. 

Claim. We have 

hm ^(77„)e-*" = hm ^(/(^„))e-'" = 1 

Proof of Claim: Fix e > small. Let a„ € GX be a geodesic with Q!„(0) = 
Xn,OLn{+oo) = r/„. Thcn the Riemannian angle between Q;'j(0),7'(t„) tends to 
(since the comparison angle 0(x„,?7„,?7) tends to 0), so the Riemannian an- 
gle between a^(0), — 7'(t„) tends to tt. Hence the limit of comparison angles 



{imvt^j^oo ctn{t)xnx) tcnds to TT as n — > oo. Fix n large such that this limiting 
angle is larger than tt — e. For t > large the comparison triangles a„(i)a;„x in H^ 
have an angle at the vertex T^ greater than tt — e, hence the sides satisfy 

d{an{t),x) - d{an{t),Xn) > d{xn,x) - C(e) 

for some constant C(e) which tends to as e tends to 0. Letting t -^ +oo, we have 
B{r}n,x,Xn) > tn - C(e), hence 

dpx 
therefore ^j^{Vn)e~*"' -> 1. 

Now using the geometric mean value theorem for visual metrics we have 

fff ^ fi ^^ Py,A f iVn) J jv)) Pyjf jVn) J jv)) Px{Vn,V) , x 

Py\J Vinli J \'l)) Px\lln,ll) 



Jn 



e 



dpy 



1/2 



dPvr^t \\ PvifiVn),fiv)) 




(^«) "^^^V " ' h"*" Pr^faO P^^ivn.v) 




1/2 



^ l-l-0 = 
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l^ow Py^{f{iln)-,f{ri)) -^ and d{y„,y) = i„ implies that 

lim ^(/(^„))e-*" = 1 
Ti^-oo apy 

by the same argument used above to show that -j^^(f;n)e~*" — > 1. This finishes 
the proof of the Claim. 

Now note that since /(^n) -^ fi^o) 7^ fiv) ^-^d yn — > V radially, we have 
PyMiOJiU)^0- Hence 

Py. ifiU. fiVn)) > Py„ (/(O, fiv)) - Py. ifiOJiU) - Py^ {f{v)J{rin)) 
= ^-PyAfiOJiU)-PyAfiv)JiVn)) 
-^ 1 



. Fix e > small. Fix n large such that Pj,„(/(^n), /(?/«)) > 1 ^ £• If atjbt are 
points converging radially towards f {^n) , f iVn) , then as t — )■ +oo there are points 
zt in the comparison triangle atynbt on the side Odbt such that d{'zt,y^) < C(e) 
for some constant C(e) which tends to as e tends to 0. Hence we obtain a point 
Zn e ifi^n), fiVn)) such that (i(z„, y„) < C(e). Therefore d{zn,yn) -> as n -^ oo. 

Let X* = 7rjc(u„),z* = Try o 0(w„). Note (i(x*,a;„) — ?> 0. Since 2:„,z* lie on the 
geodesic (/(^„), /(??„)) and d/p,.,p,. (?7n) = 1, we have 

d{zl,z^) = log(i/p^.,p^^(?/„) 

V V«Pa:„ «Py / \dpx'^ dpy^ 

^ I log(l- 1-1)1=0 

since / is C^ conformal with dfp^,p^ {rf) = 1 and 7]„ — > rj, d{x^, Xn) + d{zn, yn) — J> 0, 
and the term in the middle of the product tends to 1 by the Claim proved earlier. 

Hence d{TrY ° (/)(wn), Try o 4>(j'{tn))) = d{z^, y„) — >■ 0. Since S{f) vanishes identi- 
cally, the conjugacy </> is flip-equivariant, hence this implies that d(7ry o0(— ii„). Try o 

(t){-l' (tn))) = diny O (j){Vn), TTy O (/«(7'(t„))) ^ 0. O 

It follows from the chain rule that the integrated Schwarzian satisfies the follow- 
ing transformation rule: given conformal maps / : dX — ;> dY,g : dY — > dZ, where 
X, Y, Z are CAT(-l) spaces, we have 

Si9of) = S{g)of + Sif) 

For the group G of C^ conformal self-maps of the boundary dX of a CAT(-l) space, 
the map 

c:G-^ C{d^X) 

f ^ Sif) 



is therefore a G-cocycle with values in the vector space C{d^X) of continuous 
functions on d^X endowed with its natural G-action. 
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Proof of Theorem II. 2t Given a C^ conformal map f : U C dX -^ V = 

.f{U) C dY with vanishing Schwarzian, as in Proposition 14.41 there is an induced 
flip-equivariant conjugacy of the geodesic flows restricted to the flow invariant sub- 
spaces of geodesies with endpoints lying in U and V ^ (j) : £x~^idU) — >■ Sy'^idV). 
Moreover the same proof as the proof of Theorem 11.31 goes through here to prove 
that (f> is uniformly continuous along geodesies, and then the proof of Theorem ll.il 
applies to show that / is Moebius on U. 

For the group G of C^ conformal self-maps of y C dY, it follows that the 
subgroup kerc := {g E G\S{g) = 0} < G coincides with the group of Moebius 
self-maps of V. Hence for conformal maps f,g:U-^V,go f~^ is Moebius if and 
only if S{g o f~^) = 0. Using the identities 

S{gor') = S{g)or' + Sir') 



it follows that S{gof ^) = {S{g) — S{f))of i, hence f,g differ by post-composition 
with a Moebius map if and only if S{g) = 'S'(/). o 

5. Marked length spectrum, geodesic conjugacies, and Moebius 

structure at infinity 

The following Theorem follows from results of Bourdon ( |Bou95| ). Hamenstadt 
( [Ham92] ) and Otal ( |Ota92] ). we give a proof for the benefit of the reader. 

Theorem 5.1. (Bourdon, Hamenstadt, Otal) Let X,Y be closed n-dimensional 
Riemannian manifolds with sectional curvatures bounded above by —1, and let X,Y 
denote their universal covers. Then the following are equivalent: 

(1) The marked length spectra of X and Y coincide, i.e. there is an isomorphism 
<& : ni{X) -> 7ri(y) such that ly o^ ^ Ix- 

(2) There is an equivariant Moebius map f : dX — > dY 

(3) There is a homeomorphism (p : T^X -^ T^Y conjugating the geodesic flows. 

Proof: We prove: 

1. (1) => (2): It is well known that the isomorphism $ induces an equivariant 
homeomorphism / : dX — > dY such that / o 7 = <&(7) o / for 7 e 7i'i(^) (with 
7ri(X), 7ri(y) identified with groups of homeomorphisms of dX, dY). 

Let hx , hy denote the topological entropies of the geodesic fiows of X and 
Y. For i > 0, let i'x{t),i^y{t) denote the number of conjugacy classes [7], [7'] 
in 7ri(X),7ri(y) with lx{-/) < t,ly{y) < t. Then by hypothesis, uxit) = vy{t). 
Hence from Bowen's formula for the topological entropy ( jBow72j ) we have 

rix = Imi = iini = hy 

t^f+oc t i— f+00 t 

Let fix, fJ-Y denote the Bowen-Margulis currents on d^X, d^Y; these are the geodesic 
currents corresponding to the Bowen-Margulis measures on T^X,T^Y, the unique 
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invariant measures of maximal entropy. Then it follows from Bowen's formula for 
the Bowen-Margulis measure ( |Bow72| ) that for any fixed small e > 0, 

tix ~ lim > (5r^i 

'"- ' [7leCO.,x(t) 

where CO^^x[i) is the set of conjugacy classes [7] in ■ni{X) with lx{l) <= [i — e,^ + e], 
^e,x{t) is the cardinality of CO^^xit), and (5[^] denotes the atomic geodesic current 
associated to a conjugacy class [7]. 

Since $ preserves lengths, it follows that (/ x f)*{fix) = fJ-Y- We now recall 
Kaimanovich's formula for the Bowen-Margulis current ( jKaiQlj ). 

where a; e X (the right-hand side above is independent of the choice of x) and i'x,x 
is the Patterson-Sullivan measure on dX based at the point x. 

Claim. For any x £ X,y ^ Y, the map / is absolutely continuous with respect to 
the Patterson-Sullivan measures Vx,x,i^y,Y- 

Proof of claim: Let A C dX such that iyx,x{A-) = 0. Let U,V C dX be closed 
disjoint balls in (dX,px), let d denote the minimum distance between points of U 
and V. Let A' = An U. Then we have 

iyy,YifiA'))u,,Yif{V)) < Mf{A') X f{V)) 
= ^ix{A' xV) 
^ i^xAA'>xAV) _ n 

- phx 



hence Vyy{f{A')) = 0. It follows that Uy^y(f(A)) = 0. This proves the claim. 

Let g be the Radon-Nikodym derivative of f^^Vyy with respect to Vx,x- Then 
the equality (/ x f)*{fix) ~ f^Y implies that for ^x-a.e. {^,r]) G d'^X we have 

Pxitv) "" 

in particular the above equality holds for (^, 77) in a dense subset A C d'^X. Since 
hx = hy, it follows that / preserves cross-ratios of quadruples in the dense subset 
d^A C d'^X, and hence preserves all cross-ratios, since cross-ratios arc continuous. 

2. (2) => (3); Let (j) : T^X —>■ T^Y be the geodesic conjugacy induced by /, as 
given by Proposition l4.4l Then it is easy to see that (j) is equivariant, hence induces 
a geodesic conjugacy (j> : T^X -^ T^Y. 

3. (3) => (1): The conjugacy (f> induces an equivariant conjugacy (p : T^X — > T^Y, 
which is uniformly continuous since (f> is uniformly continuous, hence by Theorem 
11.11 there is a Moebius homeomorphism / : dX -^ dY such that £Y{(f>{j)) = 

(/ X /) o Sxil)- Moreover / is equivariant because (f> is. Identifying 7ri(X), ni{Y) 
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with groups of homeomorphisms of dX, dY, we obtain a map 

'P:tti{X)^tt2{Y) 

g^ fogof-^ 

which is clearly an isomorphism. 

Each g € 'Ki(X) has a unique attracting and a unique repelling fixed point on 
dX, denoted ^^,^g respectively. For any 7 e QX with Sx{j) ~ {£.g A^), we have 
5(7'(0)) = '/'i^(7'(0)), where h = lx{g). Now fi^+),fi^-) are the attracting and 
repelling fixed points of $(g), and 0(7) S GY satisfies £^^((^(7)) = (/(C^), /(C^)) 
(we are abusing notation writing also for the induced map QX — > QY). Hence 
$(.g)(0o7'(O)) = 4(^o7'(0)) where h = ^yC^Cff))- 

Since (j) is equivariant and is a geodesic conjugacy, we also have 

$(5)(^o 7'(0)) = ^(g(7'(0))) = 0(^^(7'(O))) = ^(^ ° VW). 

Since the time- i- map of the geodesic flow of Y has no fixed points for i 7^ 0, we 
must have ii = ^2, i-e. Zy($(.g)) = lx{g)- * 

We obtain as a corollary the following: 

Theorem 5.2. Let X, Y he closed n- dimensional Riemannian manifolds with sec- 
tional curvatures bounded above by —1, and let X,Y he their universal covers. If 
f : dX — >■ dY is an equivariant C^ conformal map, then f is Moebius. 

Proof: Let : T^X — > T^Y be the geodesic conjugacy given by Proposition 14.41 
Then the equivariancc of / implies that of 0, hence is the lift of a conjugacy 
(f> : T^X — >■ T^Y which is uniformly continuous, hence (j) is uniformly continuous. 
It then follows from Theorem II. II that / is Moebius. o 

6. Nearest points and almost isometric extension of Moebius maps 

Let X be a proper geodesically complete CAT(-l) space such that dX has at least 
four points, and let Ai = A4{dX, p^)- Since the image of the isometric embedding 
X ^f M. \& closed in M and the space M is proper, it follows that for all p e A^ 
there exists a ^ X minimizing d^^p, Py) over y £ X. 

For a&X,^e dX, Z CldX,t>0 define 

diamoo(a,C, 2') := sup Pai^,^') , diami(a,^, Z) := sup sin(6'i(a,^,^')/2) 

Note that diamo^ > diam^ for alH > 0. 

Proposition 6.1. Let p Cz A4 and let a ^ X minimize dMif, Py) over y Cz X . Let 
Z CZ dX be the set of points where -j^ achieves its maximum value. Then for any 
open neighbourhood N Z) Z and any ^ S dX we have 

lun ini diarUfi a, £, N) > — ;= 
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Proof: We may assume pa ^ p (otherwise Z = dX and the above conclusion 
follows trivially). Suppose the above conclusion fails, then there exists an open 
neighbourhood N Z) Z , ^ & dX, < (5o < 1 and a sequence t„ — J- such 
that cos(6't^(a,^,^')) > Sq for all £^' G N,n > 1. Let j/„ be the point on the 
geodesic ray [a,^) at distance i„ from a. Let A = sup^,ggY log ^(C)' '^' = 
supj,ggx_^log^(^'),(5i = A — A' > (note A > since pa 7^ p), then let to < Si/3 
be such that 

9aAO = tcos{et{a,^,e)) + o{t) 
where ||o(i)||oo < tSo/2 for t < to. Then we have for (,' (^ N and i„ < to, 

/^(n=log;^(- 
apy„ dpa 

while for ^' e dX — N and f„ < Iq we have 



log :j::^(C') = log ^^(C') - .ga,,„(C') < A - i„<5o + t„<5o/2 < A, 



log :i^(^') = log :^(C') - Qa.yAO < A' + t„ + f„<5o/2 < A - (5i + 2,5i/3 < A 
dpy^ dpa 

hence for i„ < to we have dM{p, Py„) < dM{p, Pa), a contradiction, o 

Theorem 6.2. T/ie image of the map ix '■ X ^ A4 is ^ \og2-dense in A4. 

Proof: Given p e A^ let a e X minimize dM{p,Py) over y G X. Let A = 
sup log -^,\et Z <zdX be the set where log ^ = A and Ict^eZ. Then it follows 
from the previous Lemma that for any neighbourhood N Z) Z, diamoo(a,'?,.^) > 
limsupj_^odiam((a,^, A^) > 1/V2. It follows that diamoo(a,C: ■^) ^ l/v^j so there 
exists S^' <E Z such that PaiS,,^') > l/v^, hence 

l>p(e,^')-Pa(C,e')e'>eVV2 

hence dM{p,Pa) = A < ilog2. o 

Theorem 6.3. If X is a m,etric tree then the map ix '■ X ^f M is a surjective 
isom,etry. 

Proof: Suppose not, let p e A^ be a point not in the image, let a e X minimize 
d_\4{p, Py) over y G X. Let A = sup log ^-^ > 0, let Z C dX be the set where 

log^ = A and let ^ e Z. Then for ah ^' € Z, we have 1 > Pa(C,C')e'^ hence 
Pa{^,£.') < e^-^. Let < A' < A, and choose a neighbourhood N Z) Z such 
that Pa(CiC') ^ 6~^ for all ^' e iV. Letting y be the point on the ray [a,£,) at 
distance A' from a, it follows that the segment [a.y] is contained in all the rays 
[a,C'):C' G ^- Hence for < i < A' it follows that Ot{a,i,C) = for all C € N, 
hence diam((a,^, A^) = for all t < A', contradicting Proposition 16. II o 

Now let X,Y be proper geodesically complete CAT(-l) spaces such that dX 
has at least four points, let / : dX -^ dY be a Moebius homeomorphism, and 
let Mx = MidX,p^),MY == M{dY,py) where x e X,y e Y. Let 5 = f'\ 
then for p e Mx we can define the pull-back metric g^p on 9y by g*p{^,£,') ■— 
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p(5(0jff(C'))iC:'C' G ^^- Since g is Moebius it follows easily that g^p e My- We 
can therefore define a map 

/ : Mx -^ My 
P ^ 9*P 

which it is easy to see is a surjective isometry. 
We define a nearest-point projection map for X, 

T^x ■■ Mx -^ X 
pi-^ a 

by choosing for each p € A^x a point a Cz X minimizing d-Mxip, Px),x G X (not 
necessarily unique), and similarly we define a map Try : My ^ Y- We can now 
prove the Theorems 11.51 and 11.61 

Proof of Theorem [TT5} Define F : X ^ Y hy F ^ tty o f o ix ■ Then by Theorem 
16.21 for X, x' e X, letting y = F{x), y' = F{x') we have 

\dY{y,y')-dx{x,x')\ = \dMv{Py, P'y) - dMv{f{Px)J{Px'))\ 

< \dMv{Py: Py') ~ dMy{f{Px), Py')\ + \dMY{f{Px), Py') ~ dM^ifiPx), f{Px'))\ 

< dMYiPyJiPx)) +dMY{Py'J{Px')) < log 2 

so F is a (1, log 2)-quasi-isometry. Given y &Y, choose x € X such that dMx [f*Pyi Px) < 
ilog2, then dY{F{x),y) < dMY{Py^9*Px) = dMxif*Py^Px) < ^fogS, hence the 
image of F is i log 2-dcnsc in Y. 

It follows from the above that F has a continuous extension dF : dX — > dY, it 
remains to prove that dF = f. Let ^ G dX, x G X and let a G X converge to f 
along the ray [x,^). Let y = F{x),b = F{a),X ~ dY{y,b), then b ^ i] = dF{^),X > 
dx{x, a) — log 2 — >• cx) as a — > ^. Extend [y, b] to a geodesic ray [y, -q') where -q' S dY , 
then ,fy,b{v') = ^^ a-iid b ^^ -q implies 77' — )• 77. It is easy to see that 

log 3 log 



.., <log2 

and log^(/(e)) = dx(a:,a) > dy(y,&) - log 2, hence 

3,,6(/(0)>log^(/(0)-log2>A-21og2 

SO /,,6(/(0) > eV4, thus 

1 > Py{f{iU?IyAI{^))fyAi) > Pyifi^),^?^:'^/^ 
hence p^(/(C), V) ^ 0, so /(^ = ry - 9^(0- o 

Proof of Theorem II. 6t For X, Y proper gcodcsically complete metric trees such 
that dX has at least four points, by Theorem 16.31 we have surjective isometrics 
ix ■ X -^ Mx,f ■ Mx — >■ Myt^y^ '■ -^Y ~^ ^' ^^^ it is clear that the map 
F defined above equals the composition of these isometrics, hence is a surjective 
isometry X ^ Y extending /. o 
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Proof of Theorem II. 7t The assertion (1) follows immediately from Theorem ll.il 
and 11.51 For the assertion (2), Theorem 11.11 and Theorem 11.41 give us an isometry 
F : X -^ Y with / = dF a Moebius homeomorphism. Given y G Y, choose a bi- 
infinite geodesic 7' G QY with y £ 7'(R), let 7 e QX be a geodesic whose endpoints 
map to those of 7' under /, then F maps the image of 7 onto the image of 7', in 
particular y belongs to the image of F, hence F is surjective. o 

7. Dynamical classification of Moebius self-maps 

Let X be a proper geodesically complete CAT(-l) space whose boundary has at 
least four points. We use the results of the previous section to prove the dynamical 
classification of Moebius self- maps of dX stated in Theorem 11.81 

Proof of Theorem 11.81 Let / : dX — >■ dX be a Moebius homeomorphism. As 
in the previous section choose and fix a nearest point projection ttx : Ai{dX) — >■ 
X, so for all p G M(dX), the visual metric pxo, where xo = 7r(p), minimizes 
dM (Pi Px)tX € X. Note in particular that ttx is a (1, log 2)-quasi-isometry, nx^ix = 
idx and dM^Pjix ° T^xip)) < ^log2,p g Ai{dX), i.e. ix ° t^x is at a uniformly 
bounded distance from idM(dx)- 

Define as in the proof of Theorem 11.51 a sequence of (1, log2)-quasi-isometric 
extensions (F„ : X -^ X)nez of the maps (/" : dX — >• 9X)„gz by putting F„ = 
T^x ° /" o ix where /" : M.{dX) — !• M.{dX) denotes the isometry induced by 
/". Note that /" = /" and Fq ~ idx- It is easy to see that since ix ° ttx 
is at a bounded distance from idM{dX)i for any m,n € Z the maps F„i ° Fn = 
TTx o /" o {ix o TTx) o /" o ix,Fn o Fjn = TTx o /" o {ix o TTx) o f"^ o ix and 
Fm+n = TTx ° /™+" o ix are all within bounded distance of each other. 

We note that by the definition of F„, for any x £ X, the maps /" : {dX,px) — > 
{dX, pp^(^x)) arc uniformly v^-bi-Lipschitz. 

Since the maps Fn are uniform (1, log2)-quasi-isometries, it is clear that the 
set of accumulation points in dX of a sequence {Fn{x))n£i, is independent of the 
choice oi X £ X. We denote this set by A. We observe that if ^ G A, then there is a 
sequence (rifc) such that for any x €z X, Fn^{x) — ^ ^, in particular Fn^{Fi{x)) — > ^, 
hence Fi(F„j.(x)) — >■ ^ (as the two sequences are within bounded distance of each 
other), and since Fi has boundary value /, it follows that Fi{Fn^ (x)) — >■ /(f), hence 
f = /(f). Thus all points of A arc fixed points of /. Wc now consider three cases: 

Case 1. A = 0: Then for any x £ X, the sequence (i^„(x))„gz is bounded, so the 
metrics px and Pf„{x} arc uniformly bi-Lipschitz to each other independent of n, and 
it follows from the observation made above that the maps /" : {dX, px) — >■ {dX, px) 
are uniformly bi-Lipschitz, so wc are in Case 1 of Theorem 11.81 the elliptic case. 

Case 2. A = {fo}: Then for any x e X, Fn{x) -^ fo as \ti\ — )• -f-oo. We claim that 
/"(f) — >■ fo as \n\ -^ +03 for all f G dX, i.e. we are in Case 2 of Theorem 11.81 the 
parabolic case. 

Suppose not, then there is a f 7^ fo such that some subsequence /"''(f) con- 
verges to a f 1 7^ fo- Fix X & X belonging to the geodesic 7 = (fo,f)- The images 
Fn^{j) are uniform (l,log2)-quasi-geodesics with endpoints fo,/"''(f), with the 
endpoints /"*= (f ) uniformly bounded away from f , hence there is a ball B of fixed 
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radius around x such that Fn^{'j) mtersects B for all k. Choose for each k a 
point yk £ Fn^{-/) fl B. Then d{yk, Fnf,{x)) -^ +00 as fc — > +00. The distances 
d{Vk,F„^{x)),d{F_nk{Vk)-,F_nk{Fn^{x))) differ by a uniformly bounded amount 
(since i^-n^ 's are uniform quasi- isometrics) , as do the distances d{F-„^, (yk)-, F-„k (Frik (2;))), 
d{F^nk (yk)-, x) (since the maps i^_„ o Fn are within uniformly bounded distance of 
the identity), hence d{F^n^{yk),x) — > +cx3. 

The horospherical distances B{^o, i^_„^ {yk),x), B{£,o, F^^ {F-n^ {yk)),Fn^ (x)) dif- 
fer by a uniformly bounded amount (since the maps Fn^. are uniform quasi-isomctries 
with boundary maps /"*= fixing ^0), as do B{£_o, F^^ {F^„^ {yk)), F^^ (a;)), B{£_o,yk, K^ (x)) 
(since the maps i<L„ o Fn are within uniformly bounded distance of the identity), 
and clearly B{^o,yk,Fn^{x)) -^ 4-oo, hence B{(o,F^nkiyk),x) -^ -f-00. Since the 
points F^n^iVk) lie on uniform quasi-geodesics F-n^ ° Fn^{j) with fixed endpoints 
^o,C and (i(F_„j.(j/),.T) -> 4-00, it follows that F-n^ijJk) — > £,■ Since the points 
yk are within uniformly bounded distance of x and the maps F-n^ are uniform 
quasi-isometries, it follows that F^nk {x) ^ ^, a contradiction. 

Case 3. The set A has at least two points: Then pick two distinct points £,+ ,£,- G A, 
and fix a point a; on the geodesic 7 = (^+ , C- ) . We may assume (replacing / by 
f~^ if necessary) that there is a subsequence F„,,{x) — ?> f+ with Uk — >■ -l-oo. 

We claim first that /"''(C) ^ C+ for all ( e dX - {(^}. If not, then there is a 
£, ^ £,- such that, after passing to a further subsequence if necessary, the distances 
Pxi£,+ , /"''{£,)) are bounded below by a constant e > 0. Since the points Fn^{x) 
converge to C+ and lie on uniform quasi-geodesics Fnf. (7) with fixed endpoints 
C+ , C_ , it follows that pj7,^ (2;)(C-j /"'"(O) ~^ 0- However the maps /"*= : {dX.px) ^ 
{dX,pp^ (3.)) are uniformly bi-Lipschitz, hence the sequence pp^ (^-((C-, /"''(C)) is 
bounded below by a positive constant times px{£,-,£.), and does not tend to zero, a 
contradiction. 

We now claim that /"(C) -^ C+ for all C G dX — {C-} as n ^- +00. Denoting 
by dfp_q{^) the derivative of the conformal map / : {dX,pp) — > (dX,pq) at a point 
C € 9X, we have 



(#.,.(c+))"^=C^.(e+) 



dpx 



C.K(.)(e+)-;T-^^(e+) 



since d/"*^ (a:)(C+) i^ bounded above (by \/2) and ^| — — — (C+) ^- (as the 
points i^n^. (x) converge to C+ and lie along uniform quasi-geodesics Fn^. (7) with fixed 
endpoints C-i-,C-)- It follows that dfx.x{£,+ ) < 1, hence there is a neighbourhood U 
of C-K such that /"(C) -)> C-H as n ^ -foo for aU ^ eU. Now given C e SX - {C-}, 
there is a fc such that /"''(C) G C/, hence it follows that /"(C) ^^ C+ as n ^- +00. 

Now there is a sequence of integers mk with JTOfc | — > +00 such that Fm^. (x) — > C- ■ 
By the argument given above, we must have ruk -^ —00 (otherwise there would be 
a sequence of positive integers tending to infinity with /" converging pointwise 
on dX — {£,+ } to C-, contradicting the conclusion of the previous paragraph). It 
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follows from the same argument as above that /"(^) — > f- as n — > — oo for all 
^ G dX — {^+}. Hence we are in Case 3 of Theorem ll.8[ the hyperbolic case, o 
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